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R-mode instability of slowly rotating nonisentropic relativistic stars
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We investigate the properties pimode instability in slowly rotating relativistic polytropes. Inside the star
slow rotation and the low frequency formalism that was mainly developed by Kojima are employed to study
axial oscillations restored by the Coriolis force. At the stellar surface, in order to take into account the
gravitational radiation reaction effect, we use a near-zone boundary condition instead of the boundary condi-
tion usually imposed for asymptotically flat spacetime. Because of the boundary condition, complex frequen-
cies whose imaginary part represents a secular instability are obtained for disgret oscillations in some
polytropic models. It is found that such discretenode solutions can be obtained only for some restricted
polytropic models. The basic properties of the solutions are similar to those obtained by imposing the boundary
condition for asymptotically flat spacetime. Our results suggest that the existence of a continuous part of the
spectrum cannot be avoided even when its frequency becomes complex due to the emission of gravitational

radiation.
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[. INTRODUCTION star models, Kojima’s equations do not have such a discrete
r-mode solution.
Andersson 1] and Friedman and Morsink] discovered These recent developments in understanding of relativistic

that allr modes, which are quasitoroidal modes mainly re-r modes have shown that basic properties-ofode oscilla-
stored by the Coriolis force, in all rotating stars become untions in relativistic stars are significantly different from those
stable due to the gravitational radiation reaction if other disin Newtonian stars. As for nonisentropic stars, most previous
sipative processes are not considered. This instability istudies have shown the existence of a continuous part of the
clearly understood by the so called Chandrasekharspectrum. This is a great contrast with the Newtonian case.
Friedman-ShutZCFS mechanisni3-5]. As shown first by For Newtonian cases, there are discrete mode solutions and
Lindblom, Owen, and Morsink[6], this instability still no continuous parts of the spectrum fomodes in all uni-
strongly affects the stability of typical neutron star modelsformly rotating stars as long as their rotation velocity is
even if viscous dissipation of the neutron star matter, whictsmall enough. However, such a drastic change in the behav-
tends to stabilize the CFS instability, is taken into accountior of the solutions is not likely to occur due to the inclusion
Since then many studies of oscillation modes restored by thef even a small relativistic effect. Therefore, most authors
Coriolis force in rotating stars have been done to prove theihave considered that a continuous part of the spectrum does
possible importance in astrophysidsr recent reviews, see, not appear if some effects that were omitted in previous stud-
e.g., Refs[7-10). ies are taken into account. One such effect is the dissipation
The influence of the mode on the stability of rotating effect due to the gravitational radiation reaction. In most
neutron stars is one of the most important and interestingtudies onr modes, a slow motion approximation has been
phenomena in astrophysics. In oscillations of neutron starmployed in the analysis because of the slow rotation ap-
the relativistic effect must be important because such stargroximation. The slow motion approximation changes the
are sufficiently compact. But most studies have been donwave type equation into a Laplace type equation. Thus, Koji-
within the framework of Newtonian gravity so far, although ma’s equations do not have solutions with wave character,
our understanding of modes has been improved by thoseand the frequency is a real number if asymptotically flat
investigations. As for modes studied within the framework spacetime is assumed. In other words, the influence of gravi-
of general relativity, Kojimag 11] derived master equations tational radiation on relativistic modes has not been taken
for r-mode oscillation in the lowest order slow rotation ap-into account so far. In this case, Kojima’s equation becomes
proximation and found the possible existence of a continuouthat of a singular eigenvalue problem for some frequency
part of the spectrum in his equations. Beyer and Kokkotasange, and hence has a continuous part of the spectrum. As
[12] generally verified the existence of a continuous part ofsuggested by Lockitclet al. [15] (see also Refl12]), how-
the spectrum in Kojima'’s equation. Kojima’s formalism was ever, Kojima’'s equation may become that of a regular eigen-
developed to include higher order rotational effects byvalue problem if the frequency has a nonzero imaginary part.
Kojima and Hosonumd13,14]. Lockitch, Andersson, and Therefore, it is hoped that the existence of a continuous part
Friedman15] obtained discrete-mode solutions in uniform of the spectrum might be avoided if the effect of the emis-
density stars as well as the continuous part of the spectruision of gravitational radiation is considered.
by solving Kojima's equation. Recently, Yoshid&6] and In this paper, accordingly, we will attempt to include the
Ruoff and Kokkota$17] discussed that such discretenode  lowest order effect of the gravitational radiation reaction into
solutions are not simply allowed to appear in compressibl&Kojima’s formalism. Because Kojima’'s equation is not a
stellar models. Their results showed that, for typical neutrorwave type equation, as mentioned before, we cannot obtain
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any information about gravitational waves from the equation. iu,(r)
In order to include the gravitational radiation reaction effect (su? su®)=
into Kojima’s equation, we will employ a near-zone bound-

ary condition instead of the boundary condition usually used 0.1 (0,0) 3,1l 0,0)
for asymptotically flat spacetime. This boundary condition ¢ Im i , 6" Im il glot
was introduced by ThornEl8] to include the effect of the siné siné
gravitational radiation reaction on polar pulsations in a New- . ) .
tonian star. We start, in Sec. II, with the description of ourWhereYim(6,¢) are the usual spherical harmonic functions,
method of solution. A near-zone boundary condition is intro-2nd o denotes the oscillation frequency measured in the in-
duced there in order to take into account the gravitationa?mal fram.e at spat|al_|nf|n|ty. All othgr perturbed. guantities
radiation reaction. In Sec. Ill, we show the properties of thé?@come higher order if2. Note that this form of eigenfunc-
r-mode solutions obtained by imposing the boundary condilion is the same as that for zero-frequency modes in a spheri-
tion. Section IV is devoted to discussion and conclusionst@l nonisentropic star, because modes become zero-
Throughout this paper we will use units in whickG=1,  frequency ones in the limitQ—0 [20]. The metric
wherec and G denote the velocity of light and the gravita- perturbationhy, obeys a second order ordinary differential

r2

, (2.9

tional constant, respectively. equation,
] d(  dh [(I1+1) +—2+2e‘2"
Il. METHOD OF SOLUTION m(r;o)| e arl € ar ® =
We consider slowly rotating relativistic stars with a uni-
form angular velocity ), where we take account of the first
order rotational effect if). The geometry around the equi- +8m(p+p) [hoy| +16m(p+p)hg =0, 295
librium stars can be described by the following line element
(see, e.g., Ref19)): where
ds?=—e2"dt?+ e (Ndr?+r2d %+ r >sir? 0d o> . 2Mme
Dim(r;o)=1— ———. (2.6
— 20(r)r2sirfodtde. 2.1 m 1+ 1) o

%—Iere, we have introduced the effective rotation angular ve-
o

Throughout this paper, the polytropic equation of state i city of the fluid,

assumed:

p=K pl*IN, (2.2 0=0-w, 2.7
and the corotating oscillation frequency,

wherep andp denote the pressure and mass-energy density,

respectively. Her&N andK are constants. o=o+mQ. (2.9
We consider oscillation modes in rotating relativistic stars

such that the eigenfunctions are stationary and are composethe velocity perturbation of a fluitl, is determined from

of only one axial parity component in the lim2—0. A the functionhg, through the following algebraic relation:

subclass of these modes should be the relativistic counterpart

of r modes, which are able to oscillate in all slowly rotating { Mo

Newtonian fluid stars. According to Lockit@t al.[15], such

modes are allowed to exist only if the star has a nonisen-

tropic structure. Therefore, we assume the stars to be non- ) . ] )
isentropic, although the effects due to deviation from isenEquations(2.5 and (2.9 are our basic equations, which

tropic structure on the oscillation modes do not appear in th&ere derived first by Kojimd11]. Note that Eqs(2.5 and
first order in Q. According to the formalism by Lockitch (2.9 lose their meaning in the=0 case, because there are
et al. [15] (see also Ref[11]), let us write down the pulsa- NO axial modes with=0. . . _
tion equation for relativistic modes with accuracy up to the ~ Because Eqs2.5) are second order ordinary differential
first order in€). The metric perturbationg,; and the Eule- ~€guations, two boundary conditions are required to deter-

rian changes of the fluid velocityu® that do not vanish in Mine solutions uniquely. From the regularity of physical
the limit Q—0 are given by quantities ar =0 the functionhy, must vanish at the center

of a star. This condition is explicitly given by

U|+h0,|:0. (29)

1-—
11+ 1)o

. a<pY|m( 01@) . dh
(5gtg,5gup)=lhoy|(l’)(—TM,SIHH%YW rd—:’l—(l-f—l)hm:o as r—O0. (2.10
X ( 0,90)) e, (2.3 Outside the star, Eq$2.5) have general solutions as follows:
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o * wherej, andn, are spherical Bessel functions a@dand D
hoy(r)=AY, ar~'"%¥+B>, byr'*t*k  (2.11)  are arbitrary constants. The asymptotic forms in the radiation
k=0 k=0 zone, that is, whewr> 1, are given by

where A and B are arbitrary constants. Heeg and b, are 1 1
constants determined from recurrence relations although the&i(oT)~Ccogor —5 (I+1)m or =5 (I+1)m|.
explicit expressions are omitted here. Note taandb, do

not depend on the frequeney In most previous studies the 213
conditionB=0 has been chosen as the boundary condition alow we are interested in the quasinormal modes of a star.
spatial infinity because spacetime must be regular everyfhus, the no incoming radiation conditions are required for
where. In this paper we call this condition the “proper metric perturbations. From Ed2.19 it is found that this
boundary condition.” This condition means the spacetime iscondition becomes the relatidh= —i C. For this choice of
asymptotically flat. Therefore, solutions satisfying the condi-constants the asymptotic solutions reduce to the form

tion B=0 cannot describe any gravitational radiation emis-
sion from a star at all. In order to include the effect of gravi-
tational radiation emission in the solutions, we must not
require zero foB. This was first shown and used in a study (2.16

of the post-Newtonian approximation by Thorji3]. ) ) -

Next, let us consider the boundary conditions for quasi-S_'nlce the frequencies Qf the OSC|IIat|on§ restored by the Co-
normal mode solutions, following the considerations of“cz’“s2 forcze are Zproportlonal to the rotational frequeridy
Thorne[18] (see also Ref[21]). In the derivation of our ¢ R°~Q°R°=¢€°M/R, wheree denotes a small parameter
basic equations the slow motion approximation is necessarilfr Stellar rotation defined as=Q/(M/R%)'2 Here Ris the
used as well as the slow rotation one because the frequen&gdius of the star. Thus, the surface of the star is approxi-
of oscillation restored by the Coriolis force is of the sameMately in the near zone, that isy <1, if the stellar rotation
order as the stellar rotation frequency. This slow motion apiS sufficiently slow or the stellar gravity is sufficiently weak.
proximation must work nicely near the star as long as lowin this approximation, the solutior{@.14) can be written as
frequency oscillations are considered. Therefore, higher or-

+D sin

_ i
X,(or)e''~C eX[{i(J’(t—I’)-ﬁ- E(I +1)7| as or—o,

der time derivatives of perturbed quantities are neglected in y .\ ;o (2-nn 14 (or)? "t
the governing equation&.5). If an oscillating star emits ! (or) l=ntr+nty
gravitational radiation, however, some of such omitted terms (2.17

must become important in the radiation zone because a term
such asor becomes dominant among all the terms in thewhere the constraird = —iC for the no incoming radiation
governing equations. In addition, rotational effects due tdhas been used. The approximate solutions above may be
stellar rotation fall off faster than 47 asr —. Thus, such a valid near the stellar surface becaldér <1 is well satis-
slow motion approximation is not good far from the star, if fied at the stellar surface and outside the star for typical
gravitational waves are radiated from the stars. The Reggeeutron star models. Thus, in the near zone, the expressions
Wheeler equations with correction terms due to the stellafor metric perturbation$, outside the star can be given by
rotation, in fact, govern the axial perturbations sufficiently Egs.(2.13 and(2.17) as follows:

far from the star even when low frequency oscillations like
modes are induced. Sineer>1 in the radiation zone, the
Regge-Wheeler equations can be approximately written as

1{ _ (1+2)(or)2+1

hoi~C'= :
o~ C 1+'u—1xm+4mjm—1nyﬁm (213

rI

,d2X(r)
r
dr?

where C’ is an arbitrary constant. As the outer boundary

T) =0, condition we require this solution to connect smoothly to the
2.12 interior solution obtained by solving E@2.5) at the stellar

' surface. Thus, the boundary condition is explicitly given by

+a?r2X,(r) =11+ 1)X,(r)+ O

where X(r) are the Regge-Wheeler functions. Hévlede-
notes the gravitational mass of the star. The metric functions

(1+2)(oR)2+1 ldhm
r

i i i i R—x

ho, are determined from the function§ by the equation I—D@+na-nup| ar ( )
dirX(r)] M [+ 1)(1+2)(gR)2+1
h0,|=T+O r (2.13 +|1—i ( )(I+2)(aR) 5| hoj(R=x)
(I=D2l+n[2-10)']
(see, e.g., Ref§22,23). Here we have considered the lim- =0 as x—0, (2.19
iting case wherM/r <1 for simplicity. The general solutions
to Egs.(2.12 can be given analytically: where we need actual values of the rotation frequeicip
obtain eigen_solutions. Iﬂthis paper we assume the value of
X, (ar)=0or[C j(ar)+D n(or)], (214  Q asQ=(mp)*? wherep is the average density defined by
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p=M/(47R33). This Q is an approximate value for the
maximum rotation frequency to be possible that settles down
uniformly rotating stars in hydrostatic equilibrium. In this
paper, we call the conditio(2.19 the “near-zone boundary
condition.” This method is a crude version of matched
asymptotic expansions. If we consider a nonrotating limit,
that is, theo=0 limit, the boundary conditior{2.19 be-
comes an approximation of the proper boundary conditions
in which only the lowest order terms iM/R are included.

As shown by Lindblomet al. [21], a boundary condition
similar to this, by using the obtained asymptotic solution
(2.18 can give a good approximate value of the eigenfre-
guency even fof-mode oscillation although thEmode is

not a low frequency oscillation mode.

III. NUMERICAL RESULTS

As shown in previous studigd1,12,15, we should dis-
tinguish two cases in treating E@2.5 when the proper
boundary condition is imposed. One case is the regular ei-
genvalue problem and the other is the singular one. For the
regular eigenvalue problem Ed2.5 may have discrete

PHYSICAL REVIEW D64 123001
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FIG. 1. Real parts of scaled frequencies;/Q of ther modes

with |=m=2 plotted as functions of1/R. In each panel, the fre-

mode frequencies in the range quencies of modes for polytropic models with=0, 0.5, 0.75, and
1 are shown. The labels indicating their polytropic indidésre

attached in the corresponding panels. Vertical dotted lines show the

2ma(R) o< 2ma () = 2ma ) (3.2 maximum values oM/R for equilibrium statesM/R=0.444 for
I(1+1) I(1+1) 1(1+1) N=0, M/R=0.385 for N=0.5, M/R=0.349 for N=0.75, and
M/R=0.312 forN=1.0.
On the other hand, E@2.5 becomes the singular eigenvalue
problem if o is in the region cesN=0, 0.5, 0.75, and 1 are shown in the different panels
in both figures. Only the frequency curves for the modes
omo(0) — 2ma(R with |=m=2 are depicted in depe_ndence on the relat|V|s_t|c
(I (:(1)) == I(I(-I)-(l))' (3.20  factor M/R because they are considered to be the most im-

Notice that the rang€3.2) is the continuous part of the spec-
trum of Eq.(2.5). As pointed out by Lockitclet al.[15] (see

also Ref.[12]), Eq. (2.5 becomes that of the regular eigen-
value problem when the corresponding frequency has a non-
zero imaginary part. Thus the frequency ranges above may
not have clear mathematical meanings when the frequency
has a nonzero imaginary part. According to the frequency
ranges above, however, we will divide the eigensolutions

into three classes: The first and the second class solutions are ~

characterized by the real parts of their frequencies satisfying
inequalities(3.1) and (3.2), respectively. The third class is
composed of a compensatory set of the first and second
classes.

First of all, we concentrate our attention ormode solu-
tions with frequencies whose real parts are in the rd8dg.
We compute frequencies of mode solutions for several poly-
tropic stellar models. In the present study, only the funda-
mentalr modes, whose eigenfunctidh,, has no node in the
radial direction except at the stellar center, are obtained. This
is similar to the result in studies for the proper boundary
condition cas€16,17. In Figs. 1 and 2, the real and imagi-

nary parts of the scaled eigenfrequend@;/() of ther
modes are, respectively, given as functionsMfR. The
eigenfrequencies for stars with four different polytropic indi-
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portant modes for-mode instability.
The real parts of the frequency illustrated in Fig. 1 are in
good agreement with Fig. 1 of Rdf16], in which the fre-
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FIG. 2. The same as Fig. 1 but for imaginary parts of frequency.
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FIG. 3. Absolute value of eigenfunctidd, of anr mode with FIG. 4. The same as Fig. 3 but ft/R=0.37.

I=m=2 for an N=0.5 polytrope withM/R=0.1 is given as a
function of r/R, where normalization of the eigenfunction is given _q g polytropic models havingl/R=0.1 andM/R=0.37

by Ux(R)=1. respectively. As seen from these figures the motion of per-
turbed fluid elements is strongly confined near the stellar

e . . ) ) f hen th f [ h -
condition for asymptotically flat spacetime. The relative dif- Surface when the mode requency becomes closer to the ter

ferences are less than 0.1%. This shows that our approxim&inal frequency, which satisfies~2me(R)/[1(1+1)]. We
tion works nicely, and higher order effects bf/r on the can easily understand this behawor from E2.9). Conse-
outer boundary condition are not so important for the deterduently, the values of current multipole moments of such
mination of the real parts of the frequency. We also find tha{"0des may become small when the value of the relativistic
the frequency curves in Fig. 1 are terminated at some valu ctor Increases. Qn the_ ot_her hand, the effICIe_ncy of the
of M/R beyond which equilibrium states can still exist. Here’grawtanonal radiation emission becomes good with increase

the maximum values d¥1/R for polytropic equilibrium stars of the value of the relativistic factor. Due to both effects
having N=0, 0.5, 0.75, and 1.0 are given by 4/9, 0.385 above a relative minimum of the imaginary part of frequency

0.349, and 0.312, respectively. It is also found that thegNdy appear. We should note that in te-0 case the value
lengths of the frequency curves tend to become shorter as tﬁg Im(x) does not_approach Z€ro even WWMR.NA'/Q’ as
polytrope indexN increases. This feature is similar to that for W& €an see from Fig. 2. The reason is that the eigenfunctions
the case where the proper boundary condition is used. Als¢m d0 not have so strong a peak at the stellar surface even
the terminal points of the frequency curves appear at aimos¥hen M/R~4/9 because the relatiow~2mw(R)/[I(l
the same values of relativistic factors as those for the propet 1)] is not satisfied in this case.
boundary condition cassee Ref[16]). Beyond the value of Next let us estimate the instability time scale for the
the relativistic factors corresponding to those terminal pointsgravitational radiation driven instability afmode solutions
we can obtain many eigensolutions with a singular eigenWwith frequency in the range.1). Here a typical neutron star
function but not with a regular one. Furthermore, the reaimodel whose mass and radius are, respectivelyy.4nd
part of the corresponding frequency belongs to the rangd2.57 km is considered fal=0, 0.5, and 0.75 polytropic
(3.2 but not the rangé3.1). models. When the star rotates with angular frequeficy
From Fig. 2, we can see that thenodes obtained in this = (3/4xX GM/R?®)1?=8377 s, the growth time scales; of
study are all unstable. It is also found that the curves for théhe r-mode instability are given by;=1.29 s, 2.04 s, and
imaginary parts ofx have one relative minimum near the 2.97 s for theN=0, 0.5, and 0.75 models, respectively. Note
terminal point of the frequency curves. These minimum val-that for theN=1 case the growth time scale cannot be esti-
ues are given by Ifx(M/R=0.425)]=-2.9x10 %  mated because we cannot find a discreteode solution for
Im[ k(M/R=0.344)]= —6.4x10 % Im[«(M/R=0.258)] that model. These time scales are similar to those obtained
=-1.3x10"4 and Inf x(M/R=0.095)]= —2.2x10 6 for ~ from the Newtonian estimatesee, e.g., Re{6]).
stars havingN=0, 0.5, 0.75, and 1.0, respectively. The When we concentrate our attention on solutions whose
value of Im(x) also approaches zero as the relativistic factorfrequency has a real part in the frequency raf@e), we
M/R gets closer to a value corresponding to that for theobtain a large number of solutions whose eigenfunction has
terminal point of the frequency curves. Those behaviors ofingular behavior in its real part at a radius determined by the
Im(«) can be understood from the distribution of eigenfunc-solution of D, [r;Re(c)]=0. In addition, those solutions
tions U,(r) because Ink) is approximately proportional to have severe truncation errors due to the finite difference
the square of the current multipole moment. In Figs. 3 and 4nethod. A similar behavior of solutions appears in oscilla-
the distributions of the eigenfunctiod,, are shown forN tions of differentially rotating diskgsee, for example, Ref.

guencies were obtained by imposing the proper boundar
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[24]). As discussed by Schutz and Verdag(i24], this is [12,16,17), when an eigenfrequency becomes a complex
considered a sign of the existence of continuous parts of theumber, which expresses the damping of the oscillation due
spectrum, although the existence has to be proved by othéo energy dissipation such as the gravitational radiation emis-
mathematical techniques because an exact continuous spesien, there is the possibility that the existence of the continu-
trum is never obtained from a simple numerical analysis. Imous part of the spectrum in the eigenfrequency of Bd) is
the present case, we are sure that the appearance of a cavoided. In this study, we consider the complex frequency
tinuous spectrum is plausible because the imaginary parts @orresponding to the quasinormal mode as the mode solution
the frequency are too small to drastically change the chara®f Eq. (2.5 by imposing the lowest order near-zone bound-
ter of the solutions derived from the proper boundary condi-ary condition. Our numerical results suggest the existence of
tion. Thus, our numerical results suggest the existence of a continuous part of the spectrum in Kojima’'s equation even
continuous part of the spectrum in Kojima’'s equation everwhen the frequency is allowed to be a complex number.
when the frequency becomes a complex number. As foHowever, we still think that the existence of a continuous
regular solutions with frequency in the ran(2), we can- part of the spectrum in axial oscillations restored by the Co-
not obtain such a solution at all. Finally, we consider theriolis force is not plausible because such a property does not
third class of solutions, for which the real part of the fre- appear in Newtonian modes. The existence of a continuous
quency is in neither the rand8.1) nor (3.2). In this region  part of the spectrum in this study might be an artifact due to
of real parts of the frequencies, we cannot obtain any soluthe approximation because our treatment is the lowest order
tions at all. approximation. In other words, the inclusion of the full effect
of gravitational radiation emission might avoid the existence
of a continuous part of the spectrum. Another possibility to
prevent the appearance of a continuous spectrum might be to
In this paper, we have investigated the properties ofivoid a singular reduction in the order of the equation. As
r-mode instability in slowly rotating relativistic polytropes. Kojima and Hosonum&l4] showed, the basic equations for
Inside the star, slow rotation and the low frequency formal+-mode oscillations become a fourth order ordinary differen-
ism that was mainly developed by Kojinial] and Lockitch  tial equation for the metric perturbandn,, when rotational
et al.[15] is employed to study axial oscillations restored by effects up to the third order d/(M/R3)Y2 are consistently
the Coriolis force. At the stellar surface, in order to take intoconsidered. In this equation, the extra two degrees of free-
account the gravitational radiation reaction effect, we use alom of solutions may be used to avoid singular behavior of
near-zone boundary condition, which was devised by Thornghe eigenfunction. Because of these extra boundary condi-
[18] and recently developed for relativistic pulsations bytions, all eigenfrequencies may become discrete. Verification
Lindblom et al. [21], instead of the usually imposed bound- of those possibilities remain for future studies.
ary condition for asymptotically flat spacetime. Due to the
boundary condition, complex frequencies whose imaginary
part. represgnts secular mst_ablllty are optamed rfonode ACKNOWLEDGMENTS
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